
Rotation around an axis

kinematic equations

Linear   Angular
x          x = θ
v          v = rω
a          α

w = dθ/dt   w = dθ/dt = v/r = rω
α = dω/dt   α = dω/dt = a/r = rα

IF α is constant, you can use kinematic equations.

θf =  αt  + ωi t + θi                   ωf = αt + ωi

ωf  = ωi  + 2α(θf - θi)

Torque

τ = r × F
τ = r × F = rF  = r m a  = r m α

Moment of inertia I = r x m

Moment of inertia Point masses           Continuous mass
r , m                                            Σ rᵢ  Δm
I = I  + I  + r  m  + r  m                    I ≈ Σ rᵢ  Δm

                                                   I = ∫ r  dm



EK: What is I of a rod spinning around its center? 
Given M-total mass
L-length

m = ρv = M / AL
d m = ρ v d x = M / AL * x^2 dx

v = A x dx

D = M / V = M / AL

ρ = M / V = M / AL

∫ x^2 dm = ∫ x^2 * M / AL dx = M / L * ∫ x^2 dx = M / L [ x^3 / 3 ]_{- L/2}^{L/2} = M / L ( [L/2]^3 / 3 - [-L/2]^3 /
3 )

= M / L ( L^3 / 8·3 + L^3 / 8·3 ) = M / L * 2 L^3 / 24 = M L^2 / 12

EK: What is I of a rod spinning around its end? 

I = ∫ r^2 dm = ∫ (x^2) * M / 3 dx = M L^2 / 3



Parallel axis theorem

Given the moment of inertia about the axis of rotation (I) find the moment of inertia around the center of
mass (I_cm). You know the distance between them (R).

I = ∫ r  dm = ∫ r  · r  · dm

I = ∫ (r  + r  · r ) · dm

I = ∫ r  dm + 2 ∫ (r  · r ) dm + r  dm = R  ∫ dm + 2 R  · ∫ r  dm + ∫ r  dm

m = total mass                                            com around the con so             I_com

I = R  M + I_com



Rotational kinetic energy

Jw

Linear: k=1/2 m v^2 v=rω

JK=1/2 dm v^2= 1/2 (rw)^2 dm

Angular: k = ∫∫ 1/2 r^2 ω^2 dω m= 1/2 ω^2 r^2 m= 1/2 ω^2 I

k= 1/2 w^2 I

Ex: Given total mass (m) and length (L), what’s the final angular velocity at the bottom (w_f)?

 E=0 E_i=E_f

U_i + K_i = U_f + K_f

MgL + ω = MgL/2 + 1/2 I w_f^2

MgL - MgL/2= 1/2 I w^2

1/2 MgL (2/1)=w^2

w_f=√(MgL 3)/(mL^2) = √3g/L

Ex: What is V_f? Released from rest.

 E=0 E_i=E_f

U_i + K_i = U_f + K_f

mg+h=1/2 v_f^2+ 1/2 I w_f^2

mgh= 1/2 m v_f^2+ 1/2 [ I (v_f)^2 / r^2]

V_f= √(mgh) / √(1/3 + I/r^2)



Kinetic energy of a rolling wheel

a wheel rolls, the axis which it rotates around is on the ground.

k= 1/2 Iw^2 = 1/2  (MR^2 + Icom)w^2

Parallel axis theorem

= 1/2 MR^2 w^2 + 1/2 Icomw^2

= 1/2 Mcom + 1/2 Icomw^2

k rolling wheel = linear + rotational

Ex: A wheel of mass M and radius R is released from the top of a ramp. what's its final velocity?

ΔE=0  Ef=Ef   Ui+Ki= Uf+ Kf
Mg h + O= 0 + 1/2 M v^2 + 1/2 ICom w^2
Vf= RwF  wf= Vf / R

Mg h= 1/2 M Vf^2 + 1/2 I Com V^2 / R^2

Mg h= 1/2 M V^2  Vf= √(2 g h  / 1 + I com / MR^2)

What’s the acceleration of the COM?

a= R d^2R  α= R 2

R= R  M sin θ

R × W  = R W sin θ = 1/2 R  g  = (MR^2 + I com) / R

R^2 M sin θ

a= MR^2 + Icom


